
SOLUTION SHEET 11 :

Problem 1 : Recall that Alf) = Tl (xi - xjKER where di ,dj are roots of f.i j

It is not hard to see that fldjl =T Ki-Xil. Now notice that
Nyrlf'(1) =oGaumOf'(ll = T off'(l)

Of Gal((/k)
& (x; ) +Xj

= Hof'll where of (4) = de
n.(n- 1)

therefore Nyrif'(x1) = Tjf'(j) =TjM(j - (i) = ( 1)=. A(f) .

Problem 2 :

(i) To see that f is ist. reduce it modulo 3. . Note that I doesn't have a
root mod 3

.

It can also be shown by explicit computation that
it can't be written as a product of two quadratic polynomials .

Computing the resultant we obtain , r(x)= X3-X2- 4X + 3 .
To see that

r(X) is irr. reduce it modulo 2 & observe that there are no roots.
This shows that Gf := Gall SFa(f)/Q) is either Spor A4 .

Recall that Gf = Syc[SFp(r) :R] = 6 Alr is not a square .

Using a change of variables and the formulas from the course we can show
that DIrl = 257 which is not a square -> Gf = S4 .

(ii) Let us recall somethings from the Lecture
.
Let f :Tit (X-dil be a quartic poly.

and define B1 = dix2 + 134y , B2 = 2x3 + 1264
, B3 = didn + 22xs and define

r(x)= (X-B2)(X - Bz)(X- 33) . Then the extension SFalr(x11/Q gives us information
about Gal) SFa(f)/Q) as discussed in the course .
Now the coefficients off can be expressed in terms of di . Likewise the creff of ~
can be expressed in Bi which can be expressed in terms of 2j. Therefore we can

express the coefficients of r(x) by those of f(x).
If f(x1 = X" + ax3+ 6x2+ X+d then r(x) is given by

r (x) = x3- bxz + (ac- 4d)x - (a2d + 22- 46d) .
In our case

, f(x) = x4 - 4x3 + 4x2+ 6 this +(x)= x3 - 4x2 - 24X

and SFa(r) = SFalX2-4X-24) now the roots of this polynomial are
not in Q thus [SFp(r(X11 : Q] =2 .

Indeed
,
it can be seen that the roots of X2-4X-24 are 4 0

-

2
thus SFp(r) =QI). Now

Gf = [SFa(f) : R] = SD4 if + is irr. over Q(E)

& if f is reducible/QUEE) .

To see that f/QIE) is irreducible first note that if f only has one root inQ
thenISFaltl : QUEElD = 3 or 6 but QEQIE) & Stalf) is an intermediate

extension and [SFa(f) : Q] = 4 or 8 thus it is not possible. Therefore if
f/QTE) is reducible then it can be written as a productof two polynomials of
degree 2 in QUE) .

It can be shown by direct computation that it is not
possible .



Problem 3 : For <= 1
.
SFaltcl = SFa(x5-11 therefore Gr= /42

.

For a= 0

fo(x) = xY + x3+ X + x = X . (x3+ x2+x + 1) = SFq(f) = Q(wy) where wy is
a 4th root of unity & Go /32· For 2= -4 f- p(X) = X4 + x3+ x2+ X - 4 and
1 is a root of f-4(X). Let us proceed by polynomial division .

Xy+ x3+x+ x -4/ nace SFalf-4) = SFa(x*+ 2x+3x+ 4)
X"- X3 x3 + 2x2+ 3x + 4 Let g = X3+ 2x2+3x+4. Note that-

2x3+ xi+ X - 4 it is irreducible as its reduction modulo 3
2x3- 2x2 which is g = X3+2x2+ 1 is irreducible .-

3x2+ X- 4 Thus by the course3x2 34
- Gal(SFalf-u)/Q) Azor S3 .

4X- 4

Finally f(X) = X4 + X3+ X2+X- 1 is irreducible as its reduction modulo 2 is

We compute that F,(x) = X3-X2+4x-5 which is also irreducible as its reduction

modulo 2 is
.
As -1 is irreducible

, [SFQ(F-1) : Q]e 93 , 63 and therefore

GallSFalfl/Rl = Spor A4

Problem 4 : Recall that Gabis extensions of finite fields are always cyclic
As Sn & An are not cyclic for , 4 Gal(SFirp(fI//FplESnOr An
the same argument Shows that Gall SFp(f)/fp) * S3. Finally as Az = /34
it is easy to find examples where Gall SFiFp(f)//Fp)

= A3 -

Problem 5 : First it can be shown that the discriminant of a polynomial
X3 + aX +6 is 2595 + 5564

.

To learn more about how to compute
discriminants you may see for instance, p .

258 ,

" Basic AlgebraI"
by Jacobson .
Now as seen in the course

,
the Galois group of the splitting field over

Q of a cubic or a quartic is a subgroup of the alternating group Az and
At respectively ifand only if the discriminant is a square in Q
This in fact holds for polynomials of arbitrary degree.

Computing the discriminant of X5+ 2x + 16 we obtain D = 210. 56
.

which is a square thes G := GallSFRfI/Q) E A5 .

We also know that IG13 15 therefore the index of G in As is at least 4.
Here is the claim that says that this is not possible.

Claim : Let G be a finite non-abelian simple group. LetIt be a proper
subgroup of G .

Then IG :HJ, 5
.

Proof : G acts on the left cosets of H by multiplication. The action is non-trivial

as HEG .

As G is simple this action has trivial kernel and it defines on

embedding G2 StGit] · Now Sn doesn't have a non-abelian simple subgroup
for 134 thus n3 5 .

This shows that G is not a
proper subgroup of As and G = As.


